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Abstract 

Given a real and separable Hilbert space H we consider the measure- 
valued equation 

/ ip{x)fj.t{dx) - / ip{x)^i{dx) = { Koip{x)fis{dx) ) ds, 
Jh Jh Jo \Jh J 

where Kq is the Kolmogorov differential operator 

Ko(p{x) = ^TTace[BB*D'^ip{x)] + {x,A*Dip{x)) + {Dip{x), F{x)), 

x€H,(p: is a suitable smooth function, A : D{A) C H ^ H 

is linear, F : H ^ H is a globally Lipschitz function and B : H ^ H 
is linear and continuous. In order prove existence and uniqueness of 
a solution for the above equation, we show that Kq is a core, in a 
suitable way, of the infinitesimal generator associated to the solution 
of a certain stochastic differential equation in H. 

We also extend the above results to a reaction-diffusion operator 
with polinomial nonlinearities. 



1 Introduction 



Let if be a separable real Hilbert space (with norm | ■ | and inner product 
(■,■)), and let B{H) be its Borel a-algebra. ^{H) denotes the usual Ba- 
nach space of all linear and continuous operators in H, endowed with the 

*Dipartimcnto di Matematica Pura e Applicata, Universita di Padova, Via Trieste 63, 
35121 Padova, Italy, E-mail: manca@math.unipd.it 



1 



supremum norm || ■ || We consider the stochastic differential equation in 
H 

dX{t) = {AX{t) + F{X{t)))dt + BdW{t), t > 

(1) 

x(o) =xeH, 

where 

Hypothesis 1.1. (i) A: D{A) G H ^ H is the infinitesimal generator of 
a strongly continuous semigroup e^^ of type Q{M,uj), i.e. there exist 
M >0 andiu eR such that ||e*^||£(j/) < Me"^*, t > 0; 

(a) Be C{H) and for any t > the linear operator Qt, defined by 

Qtx= [ e'^^BB^e'^^xds, xeH,t>0 
Jo 

has finite trace; 

(Hi) F : H ^ H is a Lipschitz continuous map. We set 

\F{x)-Fiy)\ 
K = sup j j ; 

x,ySH y\ 

(iv) {W{t))t>Q is a cylindrical Wiener process, defined on a stochastic basis 
(jFt)f>o,P) and with values in H. 

It is well known that under hypothesis (11. ip problem ([T]) has a unique 
mild solution {X{t,x))f>o,x&H (see, for instance, [7j), that is for any x E H 
the process (X(t,a;))t>o is adapted to the filtration (J^t)t>o, it is continuous 
in mean square and it fulfils the integral equation 

X(t, x) = e'^x + f e^'-'^^BdW{s) + f e^'-'^^F{X{s, x))ds (2) 
Jo Jo 

for any t > 0. Moreover, a straightforward computation shows that for any 
T > there exists c > such that 

sup \X{t,x) — X{t,y)\ < c\x — y\, Wx, y E H, (3) 

te[o,T] 

and 

sup E[|X(t,x)|] < c(l + X E H, (4) 

tG[0,T] 

where the expectation is taken with respect to P. Now denote by Cb{H) 
the Banach space of all uniformly continuous and bounded functions : 
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H —>■ M., endowed with the supremum norm Hv^Ho = ^'^Px&h ^ 
Cb{H). Moreover, for any A; > 0, let Cb,k{H) be the space of all functions 
ip : H ^ M. such that the function H ^ M., x ^ {1 + \x\'^)~^ip{x) belongs 
to Ch{H). The space Cb,k{H) is a Banach space, endowed with the norm 
llv'llo.fc = 11(1 + I ■ l'^)~"'^V'l|o- In the following, we shall denote by {Cb,k{,H))* 
the topological dual space of Cb,k{H). As we shall see in Proposition 12.21 
estimates ([H]), (jlj) allow us to define the transition operator associated to 
equation ((21) in the space Cb,i{H), by the formula 

PMx) = E[^{X{t,x))], ^ e CbA{H), t>0,xeH. (5) 

The family of operators {Pt)t>o maps Cb^i{H) into Cb,i{H) and enjoyes the 
semigroup property, but it is not a strongly continuous semigroup (cf Propo- 
sition [221) • However, we can define the infinitesimal generator of {Pt)t>o in 
Cb,i{H) in the following way 

' D{K) = L G CbAH) : ^9 E CbAH), lim ^*^(^) " ^(^) = 





< oo> 


t 


0,1 J 



g{x), X & H, sup 

tG(0,l) 



(6) 



Let Ai{H) be the space of all the Borel finite measures on H and for any 
A; > let Mk{H) be the set of all fi G M{H) such that \x\''\fi\{dx) < oo, 
where is the total variation of fi. The first result of the paper is the 
following 

Theorem 1.2. Let {Pt)t>o be the semigroup defined by ([5]) and let {K, D{K)) 
he its infinitesimal generator in Cb,i{H), defined by ([6]). Then, the formula 

{f,PtF)c{Cb,i{H),(CbAH)r) = {Pt^, P) c{Cb,i{m,iCbAH)r) 

defines a semigroup {P^)t>o of linear and continuous operators on {Cb,i{H))* 
that maps Aii{H) into A^i(if). Moreover, for any fi G Aii{H) there exists 
a unique family of measures {fit}t>o C. A4i{H) such that 

{^j \x\\^it\{dx)^ dt <oo, Vr>0 (7) 

and 



(p{x)jj,t{dx) — / (p{x)jj,{dx) = / I / Kip{x)jj,s{dx) j ds (8) 
H Jh Jo \J h j 

for any t > 0, if E D{K). Finally, the solution of ([8]) is given by {P//i}t>o. 
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A natural question is to study the above problem with the Kolmogorov 
differential operator 

Kq^{x) = ^Tt[BB*D^^{x)] + {x,A*D^{x)) + {D^{x), F{x)) , x e H. (9) 

We stress the fact that the operator K is defined in an abstract way, whereas 
Kq is a concret differential operator. 

In order to study problem ([8]) with Kq replacing K, we shall develop the 
notion of vr-convergence in the spaces Cb,k{H) and the related notion of n- 
core. We recall that the vr-convergence has been introduced in flO], in order 
to study a class of semigroups that are not strongly continuous. This notion 
is one of the key tools we use to prove our results. 

Now let Sa{H) be the linear span of the real and imaginary part of the 
functions 

H ^C, x^ e'^''^^\ h e D{A*), 

where D{A*) is the domain of the adjoint operator of A. We have the fol- 
lowing 

Theorem 1.3. Under Hypothesis (11.11) . the operator {K, D{K)) is an esten- 
sion of Kq, and for any ip e £a{H) we have (/? G D{K) and Kip = Kq^. 
Finally, £a{H) is a n-core for [K, D{K)) . 

As consequence we have the third main result 

Theorem 1.4. For any fi G Aii{H) there exists an unique family of mea- 
sures {fit}t>o C M.i{H) fulfilling ([7]) and the measure equation 

(p{x)fit{dx) — / (p{x)fi{dx) = / I / Ko^ix)fisidx) | ds, (10) 

H JH JO \JH J 



t > 0, (f ^ £a{H), and the solution is given by {PtfJ'} 



t>o- 



In [9j a similar problem when F : if — > if is Lipschitz continuous and 
bounded has been investigated. Due to the fact that the nonlinearity is 
bounded, all the result are stated in the space Cb(ff). In our paper we deal 
with unbounded nonlinearities and we need to develop a notion of semigroup 
and associated infinitesimal generator in the weighted space Cb,i{H). 

In section[6]we shall extend the techniques and the results of the preceding 
sections to a reaction-diffusion operator with polinomial nonlinearities. 

The motivation of this work is to have a better understanding on the 
relationships between the stochastic differential equation ([T]) and the Kol- 
mogorov differential operator Kq. In this direction, the characterization done 
by Theorems 11.31 16.31 seems to be new. 
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In other papers, the problem of extending a differential operator like ([H]) to 
the infinitesimal generator of a diffusion semigroup is studied in the weighted 
spaces L'^lH,!/), p > 1 where u is an invariant measure for the semigroup 
(see, for instance, [8| and references therein). Indeed, if /i is an invariant 
measure for the semigroup (I5l), then the semigroup ([5]) can be extended to 
a strongly continuous contraction semigroup in Lp{H, u) whose generator is, 
say, {Kp, D{Kp)). It worth to notice that as consequence of Theorem II. 3 [ the 
set Sa{H) is a core (with respect to the norm of L^{H, z/)) for {Kp, D{Kp)). 

Kolmogorov equations for measures in finite dimension have been the 
object of several papers. We recall that in the papers [2] have been stated 
sufficient conditions in order to ensure existence of a weak solution for partial 
differential operators of the form 



H^{t, x) = a''{t, x)d,^d^^ip{x) + b\t, x)d^Mx)^ ^) e (0, 1) X R'^ 



where ^ G C^{R'^) and a'\b': (0,1) x R'^ ^ R, 1 < i,j < d are suitable 
locally integrable functions. With similar techniques, in [T] the problem is 
studied for parabolic differential operators of the form Lu{t,x) = Ut{t,x) + 
Hu{t,x), u G C^((0, 1) X M'^). The infinite dimensional framework has been 
investigated in [3], where it is considered an equation for measures of the 
form 



Jx 

where X is a locally convex space, /C is a suitable set of cylindrical functions 
and Lji^B is formally given by 



with /i-measurable functions A^j, Bi and vectors Cj G X. Under some inte- 
grability assumptions on j, 5j, the authors prove existence of a measure 
/i, possibly infinite, satisfying the above equation. 

We stress that in our paper we prove uniqueness results. In this direction, 
the results of Theorems 11.41 16.41 are, at our knowledge, new. 

The paper is organized as follows: in the next section we introduce the 
notions of vr-convergence and we prove some results about the transition 
semigroup ([5]) in the space Cb,i{H). Sections [3], HI [5] concern proofs of Theo- 
rems [L2], 11.31 11.41 respectively. Section [6] is devoted to extend the results to 
a reaction-diffusion operator. 




oo 



oo 
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2 Notations and preliminary results 



If is a Banach space, we denote by Cb{H] E) the Banach space of all 
uniformly continuous and bounded functions f : H ^ E, endowed the usual 
supremum norm || ■ \\c^(H;E)- Cl{H) denotes the space of all the functions 
/ e Cb{H) which are Frechet differentiable with uniformly continuous and 
bounded differential DF e Cb{H- C{H; E)). 

We deal with semigroups of operators which are not, in general, strongly 
continuous. For this reason, we introduce the notion of vr-convergence in the 
space Cb{H) (see [9], [10]). 

Definition 2.1. A sequence {(pn)neN C Cb{H) is said to be tt -convergent to 
a function (f G Cb{H) if for any x G we have 

lim ipn{x) = ip{x) 

n—^co 

and 

sup llv^nllo < OO. 

neN 

Similarly, the m-indexed sequence (v5ni,...,n„)niGN,...,n„GN C Cb{H) is said to 
be TT-convergent to cp E Cb{H) if for any i G {2,...,m} there exists an 
i - 1-indexed sequence (v5ni,...,n,_i)niGN,...,n,_ieN C Cb{H) such that 

lim ^ni,...,n, = </'ni,...,n,_i 
rii—foo 

and 

lim (fm = ^- 

ni^oo 

We shall write 

lim • • • lim V^m,...,™^ = ^ 

ni— >oo rim— ►OO 

or ^ as n ^ OO, when the sequence has one index. 

Note that since the convergence is pointwise we can not take a diagonal 
sequence. However, in order to avoid eavy notations, we shall often assume 
that the sequence has one index. 

As easily seen the vr-convergence implies the convergence in U'{H\ /i), for 
any /i G M{H), p G [1, oo). 

Let k > 0. We shall often use the fact that if for a sequence (<y?n)neN C 
Cb^k{H) we have that (1 + \x\^)~^ipn — > G Cb,k{H) as n — > oo, then the 
sequence converges to ip in L^^H; /i), for any /i G A4k{H), p G [1, oo). This 
argument may be viewed as an extension of the vr-convergence to the spaces 
Cb,kiH). 
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In Theorem 11.31 we claim that Sa{H) is a vr-core for {K, D{K)). This 
means that if G £a{H) we have G D{K) and fT*/? = -f^oV^- Iii ad- 
diction, if (y9 G D{K), there exist m G N and an m- indexed sequence 
(V5ni,...,n™)nieN,...,n,„eN C such that 

Hm ... hm li^ ... li^ Ko^n.,-,n^ ^ 



Jii^co Jim^co 1 + I . I 1 + I . I rai— »oo rim^oo 1 + I . I 1 + I . I 

The construction of such a sequence is detailed in section HI 

2.1 The transition semigroup in Ch^i{H) 

This section is devoted to study the semigroup {Pt)t>o in the space Cb,i{H). 

Proposition 2.2. Formula defines a semigroup of operators {Pt)t>o 
Cb^i{H), and there exist a family of probability measures {iTtix, ■), t > 0, x & 
H} C A4i{H) and two constants Cq > 0, cuq G M such that 

(i) Pt G C{Cb,i{H)) and \\Pt\\c{c,,,{H)) < coe^"*; 
(li) Pt(f{x) = / (f{y)'Kt{x, dy), for anyt>0,ife Cb,i{H), x G H; 



J H 

(Hi) for any G ChA^H), x E H, the function — t i— ;> Pfip^x) is 
continuous. 

(iv) PtPs = Pt+s, for any t,s > and Pq = I; 

(v) for any ip G Cb^i{H) and any sequence {(Pn)neN C. Cb^i{H) such that 

hm . — - = . — - 

n^oo 1 + I ■ I 1 + I ■ I 

we have, for any t>Q, 

Ptfn TV Ptf 



lim 

n^oo 1 + I . I 1 + I . I 

Proof (i). Take ^ G CbA{H), t > 0. We have to show that Pt^ G CbA{H), 
that is the function x (1 + \x\)^^ Ptip{x) is uniformly continuous and 
bounded. Take e > and let 9^p : IR+ ^ M be the modulus of continuity of 
(1 + I . D'V- We have 

1,11 - .,11 = h{t,x,y) + l2{t,x,y) + l3{t,x,y), 
1 + a; 1 + \y\ 
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where 



h{t,x,y)=E 
l2{t,x,y)=E 
h(t,x,y)=E 



^(X(t,x)) ^{X{t,y)) \ l + \X{t,x)\ 



l + \X{t,x)\ l + \X{t,y)\J l + \x\ 
^{Xit,y)) f\X{t,x)\~\X{t,y)[ 



l + \Xit,y)\ V l + \x\ 

^(X(t,y))(l + |X(t,x)|) f 1 



l + \X{t,y)\ 



For Ii(t, X, y) we have, by taking into account 
such that 



, that there exists c > 



|Ji(t,x,y)|<E 



e^{\X{t,x)-X{t,y)\) 



l + \X{t,x) 
1 + \x\ 



- ^ ^""'"^ " ^'^ ^li^^i < c^<p(c|a; - 2/1). 

Then, there exists 5i > such that y)| < £:/3, for any x,y & H such 

that |x — ?/| < For l2{t,x,y) we have, by elementary inequahties. 



\l2it,x,y)\ < 



ll<^llo,i 


1 + 


\x 


il^l 


0,1 


1 + 


\x 



■E[\\Xit,x)\-\Xit,y)\\] 

■E[\Xit,x) - Xit,y)\] < Mo,ic\x ~ y\. 



< 



Then there exists ^2 > such that \l2(t,x,y)\ < e/3, for any x,y & H such 
that \x — y\ < 62- Similarly, for I^{t^x,y) we have 

|/3(t,x,2/)|<||<^||o,i 

<c||(^||o,i(l + c)|x-y|. 

for some c > 0. Then, there exists ^3 > such that \I^{t,x,y)\ < e/S, 
for any x,y E H such that \x — y\ < 63. Finally, for any x,y E H with 
\x — y\ < min{5i, 62, 63} we find that 



l + E[\X{t,x)\] \\x 


-\y\\ 


1 + 


X 





Ptfix) Ptfiy) 



< e 



l + \x\ l + \y\ 

as claimed. Now, by taking into account (jl]), there exists c > such that 

PMx) 



1 + Ixl 



l + E\\X{t^ 



0,1 
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Then Pt^p G Cb^i{H). Note that by (j3]) it follows that the operators Pt are 
bounded in a neighborhood of 0. Hence, the existence of the two constants 
Co > 0, cuo G M follows by (iv) and by a standard argument. Notice that by 
the same argument followdj (v). 

(ii). Take ip G Cb,i{H), and consider a sequence {ipn)neN C Cb{H) such that 



Pr 



lim 

n^oo 1 -|- 



1 + 



Since ntit,-) is the image measure of x) in H, the representation (ii) 
holds for any that is 

PtPn{x) =¥.[ipn{X{t,x))\ = / ipn{y)'r^t{x,dy). 

JH 

Since (jlj) holds we have 7r(a;, ■) G A^i(iJ), and by (ITTl) there exists c > such 
that |v?n(2^)| < c(l + |x|), for any n G N, a; G if. Finally, the result follows 
by the dominated convergence theorem, 
(iii). For any p G Cb^i{H), x E H, t, s > we have 



Ptpix)- Psipix)=E 
+E 



l + |X(t,x)| l + |X(s,x 
^(X(s,x)) 



;i + |X(t,x)|) 



\X(s, x) 



i\X{t,x)\-\X{s,x)\) 



Then 



\Ptp{x) - Psp{x)\ < E [e^ (|X(t,x) - X(s,x)|) (1 + 

+ ||<^||o,iE[|X(t,x)-X(s,a;)|], (12) 

where 6'^ : ^ M is the modulus of continuity of (1 + | ■ |)~V- Note 
also that since for any x & H the process {X{t,x))t>o is continuous in mean 
square, we have 

\im\X{t,x) - X{s,x)\ = P-a.s.. 

Hence, by taking into account that 6^^ : ^ M is bounded and that (jl]) 
holds, we can apply the dominated convergence theorem to show that the 
first term in the right-hand side of ( fT2|) vanishes as t ^ s. Finally, the fact 
that the second term in the right-hand side of (fT2l) vanishes as t — s may 
be proved by the same argument. 

(iv). Take p G Cb^i{H), and consider a sequence {fn)nm C Cb{H) such 
^Of course, to prove (iv)-(v) we do not use this statement of (i) 
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that (1 + I ■ I) ^ipn ^ (1 + I ■ I) ^ip as n ^ oo. By the markovianity of the 
process X{t, x) it follows that (iv) holds true for any Then, since by (iii) 
it follows that (1 + | ■ |)"^Pt</?„ ^ (1 + I ■ D'^Pt^ 

as n — i> oo, still by (iii) we 

find 

hm ; — - = hm 



1 + I ■ I n^oo 1 + I ■ I n^oo 1 + | ■ | 1 + | ■ | 

This concludes the proof. □ 

Remark 2.3. We recall that for any A; > 0, T > there exists > such 
that 

sup ¥.[\X{t,x)\^] < Cfc(l + Ixl'^), 
te[o,T] 

that implies {nt{x, t > x E H} C ^^^^^ M.k{,H) . Consequently, all the 
results of this section are true with Cb±{H) replacing Cb,i{H). 

Here we collect some useful properties of the infinitesimal generator {K, D{K)). 

Proposition 2.4. Let X{t,x) be the mild solution of problem ([T]) and let 
{Pt)t>o be the associated transition semigroups in the space Cb,i{H) defined 
by (E]). Let also {K, D{K)) be the associated infinitesimal generators, defined 
by (EI). Then 

(i) for any G D{K), we have Ptip G D{K)) and KPtip = PtKip, t > 0; 

(a) for any (p G D{K), x G if, the map [0, oo) ^ R, t > Pt(p{x) is 
continuously differentiable and {d/dt)Pt(p{x) = PtKip{x); 

(iii) given Cq > and ujq as in Proposition \2.^ for any X > uq the linear 
operator R{X, K) on Cb,i{H) done by 

POD 

R{X, K)f{x) = / e~^'Ptf{x)dt, f G Cb,iiH), xeH 
Jo 

satisfies, for any f G Cb,i{H) 

R{X,K) G C{CbAH)), \\R{X,K)Uc,,^H)) < '° 



X-Uq 

R{X, K)f G D{K), {XI - K)R{X, K)f = f. 
We call R{X,K) the resolvent of K at X. 
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Proof, (i). It is proved by taking into account and (iii) of Proposition 

(ii) . This follows easily by (i) and by (iii) of Proposition 12. 2[ 

(iii) . By (i) of Proposition [2l2l we have 

POO 

Jo 

Finally, the fact that i?(A, K)f e D{K) and {XI-K)R{X, K)f = f hold can 
be proved in a standard way (see, for instance, [1], [ID]). □ 



< Co 



n.i 



^i||/llo,i 



Co 



0,1 



X-Uq 



3 Proof of Theorem 1.2 



In order to prove this theorem, we need some results about the transition 
semigroup {Pt)t>o in the space Cb{H). Denote by 7it{x, ■) the image measure 
of the mild solution X(t,x) of problem ([1]). Since for any ip G Cb{H) the 
representation 

Ptifix) = / (p{y)7Tt{x,dy), xeH,t>0 
Jh 

holds (cf (ii) of Proposition [221) and X(t,x) is continuous in mean square, it 
follows easily that {Pt)t>o is a semigroup of contraction operators in the space 
Cb{H). Moreover, we have that for any x & H, (p ^ Cb{H) the function R"*" — >■ 
M, i I— > Pfip[x) is continuous (cf (iii) of Proposition 12. 2p . This means that 
{Pt)t>o is stochastically continous Markov semigroup, in the sense introduced 
in [g. 

We denote by [K, D{K,Cb{H)) the infinitesimal generator of Pt is the 
space Cb{H), defined by 

D{K,Cb{H)) = {^e Cb{H) : 3(7 G Cb{H), lim ^^V^(^) - V^(^) = g^^)^ 

^ u ~ / \ 

X G -n, sup < oo > 

iG(0,l) t J 

K^{x) = lim Pi'P^^) - "P^^) ^ ^ g ^(;^^ a(^)), xeH. 
t^o+ t 

(13) 

It is clear that D{K,Cb{H)) C D{K). The key result we use to prove the 
Theorem is the following, proved in [9] 



11 



Theorem 3.1. For any fi G M.{H) there exists a unique family of measures 
{/^t}t>o C M.{H) such that 



I \fit\{H)dt < oo, VT>0 
Jo 



(14) 



and 



ip{x)j2t{dx) — / (p{x)jj{dx) = / I / K(p{x)jJs{dx) | ds (15) 

H JH JO \jH J 

holds for anyt>0,ifie D{K, Cb{H)). 

We split the proof into two lemmata. 
Lemma 3.2. The formula 

{'^,PtF)c(C^AH),(Ci,^^{H)Y) = {Pt^, F)c(C^^^(H),{Cb^^(H))*) (16) 

defines a semigroup of linear operators in {Cbi{H))* . Finally, : A4i{H) — > 
A4i{H) and it maps positive measures into positive measures. 

Proof. Fix t > 0. By (jlj) it follows that there exists c > such that 
\PMx)\ < c||(^||o,i(l + |x|), for any if E Cb,i{H). Then, if F G (a,i(^))*, 
we have 

\'\V^PtF)c{Ci^^(H),{Cb,i{H)Y)\ < c\\F\\^Cb,i{H)r\\v\\o,i, 

for any ip E Cb,iiH). Since P; is linear, it follows that P; E C{{Cb,iiH)y) . 
Note that by (ii) of Proposition 12.21 it follows Ptf > for any f > 0. This 
implies that if {ip, F) > for any > 0, then {(f, PtF) > for any if > 0. 
Hence, in order to check that P/ : J^i{H) Aii{H), it is sufficient to take 
H positive. So, let fj, E Aii{H) be positive and consider the map 

A:B{H)^m, r^A(r)= [ nt{x,T)fi{dx). 

JH 

We recall that since X{t, x) is continuous with respect to x, for any T E B{H) 
the map H ^ [0,1], x 7r((x,r) is Borel, and consequently the formula 
above in meaningful. It is straightforward to see that A is a positive and 
finite Borel measure on H, namely A E M.{H). We now show A = P//i. 

Let us fix (/? G Cb{H), and consider a sequence of simple Borel functions 
(</2n)nGN which couvcrges uniformly to f> and such that |v2n(2^)| < lv^(2;)|) 
X E H . For any x E H we have 



n— >oo 



lim / f)n{y)Tit{,x,dy) = / f{y)'Kt{,x,dy) = Ptf){x) 

' H JH 
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and 



sup 



H 



< 



Hence, by the dominated convergence theorem and by taking into account 
that ifn is simple, we have 



(p{x)A{dx) = Mm / (pnix)A{dx) = hm / ( / ipniy)nt{x,dy)] fi{d: 



X] 



(p{y)nt{x,dy) \ nidx) = / Pt(p{x)iJ,{dx). 

H \JH / JH 

This imphes that P^^ = A and consequently P^fi G A4{H). 

In order to show that P^fi G A4i{H), consider a sequence of functions 
('^n)neN C Cb{H) such that ipni^) — i> |x| as 72 ^ oo and ipi^) < kl; for any 
X & H. By Proposition 12.21 we have J^ipn{y)T''t{x,dy) f^\y\7it{x,dy) as 
n ^ oo and ipn{,y)T^t{,x, dy) < c(l + for any x E H and for some c > 0. 
Hence, since /i G A^i(if) we have 



x|P//i(dx) = lim / ?/'„(x)Pj*/i((ia;) 
= lim / I / 'ipn{y)'TCtix, dy) ] fi{dx) < / c(l + |x|)/i((ia;) < oo 

This concludes the proof. □ 

Lemma 3.3. For any fi G Aii{H) there exists a unique family of finite 
measures {fit}t>o C M.i{H) fulfilling ([7]), (IHl), and this family is given by 

{^t>}i>0. 

Proof We first check that {Pt*fi}t>o satisfies (Cj), ([H]). By Proposition [321 
for any /i G J^i{H), formula (|T6|) defines a family {Pj*yu}t>o of measures on 
H. Moreover, by (i) of Proposition 12.21 it follows that for any T > it holds 

sup \\Ptf^\\{Ci^{H)r sup / {l + \x\)\Ptfl\{dx) =< OO. 

te[o,r] ' te[o,T] Jh 

Hence, ([7|) holds. We now show ([H]). By (i), (ii), (iv) of Proposition [^T^ and by 
the dominated convergence theorem it follows easily that for any (f G Cb,i{H) 
the function 

M+ ^ M, t^ ip{x)P*i2{dx) (17) 
Jh 

is continuous. Clearly, P^fi = /i. Now we show that if G D{K) then the 
function (ITTl) is differentiable. Indeed, by taking into account ([6]) and (i) of 
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Proposition 12.4^ for any (y9 G D{K) we can apply the dominated convergence 
theorem to obtain 



Then, by arguing as above, it follows that the differential of the mapping 
defined by ( IT7|) is continuous. This clearly implies that {P^fi}t>o satisfies 
([H]). In order to show uniqueness of such a solution, by the linearity of the 
problem it is sufficient to show that if /i = and {fJ't}t>o C A4i{H) is a 
solution of equation ([8]), then fit = 0, for any t > 0. Note that equation 
(IHl) holds in particular for (p G D{K, D{K)) (cf (|T3l) ) and consequently ( fT5l) 
holds, for any (p G D{K, D{K)). Note also that by (JTj) follows that {*fit}t>o 
fulfils ffT^ . Hence, by Theorem 13 .1^ it follows that fit = 0, Vt > 0. This 
concludes the proof. □ 

4 Proof of Theorem 11.3 



We split the proof in several steps. We start by studying the Ornstein- 
Uhlenbeck operator in Ci,^i{H) that is, roughly speaking, the case F = in 
([9]). In Proposition 14.31 we shall prove Theorem 11.41 in the case F = 0. Then, 
Corollary 14. 41 will show that {K, D{Kq)) is an extension of Kq and Kip = Kqlp 
for any ip G Sa{H). In order to complete the proof of the theorem, we shall 
present several approximation results. Finally, Lemma 14.61 will complete the 
proof. 




Jjm (^ ^"^^ (x)P,>(rfx) = j^K^{x)P:fi{dx) 
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4.1 The Ornstein-Uhlenbeck semigroup in Cb^i{H) 

An important role in what follows it is played by the Ornstein-Uhlenbeck 
semigroup {Rt)t>o in the space Cb,i{H), defined by the formula 



where G Cb,i{H), x E H and Nq^ is the gaussian measure of zero mean 
and covariance operator Qt (cf Hypothesis II. II) . It is well known that the 
representation 



holds, for any t > 0, (f E Cb,i{H), x E H. Hence, the Ornstein-Uhlenbeck 
semigroup {Rt)t>o is the transition semigroup (I5l) in the case F = in ([T]). 
Consequently, {Rt)t>o satisfies stamentes (i)-(v) of Proposition [2l2l It is well 
known the following identity 



which implies Rt : £a{H) Sa{H), for any t > 0. We define the infinites- 
imal generator L : D{L) Cb^i{H) of {Rt)t>o in Cb^i{H) as in ([U]), with L 
replacing K and Rt replacing Pt. 

Theorem 4.1. Let {Pt)t>o be the semigroup and let {Rt)t>o be the Ornstein- 
Uhlenbeck semigroup ( |T8l) . We denote by {K, D{K)) , {L,D{L)) the corre- 
sponding infinitesimal generators in Cb,i{H). Then we have D{L) r\Cl{H) = 
D{K) n Cl{H) and Kip = Lip + {Dip, F) , for any ip E D{L) n Cl{H). 

Proof. Let X{t,x) be the mild solution of equation ([T]) and let us set 





(18) 




(19) 




Take ipED{L)r\ Cl 



(H). By taking into account that 




by the Taylor formula we have that P-a.s. it holds 



^{ZA{t, x)) = ^{ZA{t, x)) - ip{X{t, x)) + ip{X{t, x)) 



15 



= ^{X{t, x))-j^' (o^iiZAit, x) + (1 - i)X{t, x)), e(*-^)^F(X(s, x))ds'^ d^. 
Then we have 

Rt^{x) - ip{x) = E[Lp{ZAit,x))] - ip{x) = Ptv{x) - ip{x) 

-E ^ (D^{iZA{t,x) + {l-OX{t,x)), j^e^'~'^^F{X{s,x))ds^di 
Since ip C D{L) fl Cl{H), it follows easily that for any x E H 
^j.^^ PMx)- ifix) ^ ^^^^^ ^ {D^{x), F{x)) 



and 



sup 

te(o,i] 



Ptip - LP 



t 



0,1 



< sup 

*e(o,i) 



Rtcp - V? 



+ sup||L'(^(x)||£(/^)Sup- 

1 x€H x(^H i 



F{x)\_ 
Ih 1 + 



< CXD, 



that implies ip G D{K) and Kip = Lip + {Dip,F). The opposite inclusion 
follows by interchanging the role of Rt and Pt in the Taylor formula. □ 

We need the following approximation result, proved in [U]. 

Proposition 4.2. For any ip G Ci){H), there exists m G N and an m-indexed 
sequence (v5ni,...,n™)ni,...,n„GN C Sa{H) such that 



lim • • • lim V5„i,...,n„, = V^- 



(20) 



Moreover, if ip E Cl{H), we can choose the sequence in such a way that 
holds and 

lim ■■■ lim {Dipn^^...,nm,h) = {Dip,h), 



for any h E H . 

Now we are able to prove the following 
Proposition 4.3. For any ip G Sa{H) we have ip G D{L) and 

Lip{x) = ^Tr[BB*D^ip{x)] + {x, A*Dip{x)), x e H. (21) 
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The set Sa{H) is a n-core for {L,D{L)), and for any ip G D{L) fl Cl{H) 
there exists m G N and an m-indexed sequence (v5ni,...,nm)ni,...,n^eN C £a{.H) 
such that 

lim ... lim '^"^-,■'"7 = (22) 

ri.i-»oo Jlm-»00 1 + I • I 1 + I ■ I 

lim ... lim I + (■, A* Dp>ri„...,nJ . Lip ^^g) 

ni^oo nm-*oo 1 + | ■ | 1 + | ■ | 

Finally, if ip G D{L) r\Cl{H) we can choose the sequence in such a way that 
(122|). (123|) /io/d an(/ 

lim ••• lim {D'pn,,...,nm,h) = {DyD,h), (24) 

rii— >oo rim— >oo 

for any h & H . 

Proof. We recall that the proof of ( 1211) may be found in [6], Remark 2.66 (in 
[6] the result is proved for the semigroup {Rt)t>o in the space Cb,2{H), but it 
is clear that the result holds also in Cb,i{H)). 

Here we give only a sketch of the proof, which is very similar to the proof 
given in [9j. Take 99 G D{L). For any ^2 G N, set 'Pn2{x) = n2'p>{x)/{n2 + \x\'^). 
Clearly, V9„2 G Cb{H) and (1 + | • |)"Vn2 (1 + I ' l)~V as n2 00. By 
Proposition 14.21 for any n2 G N we fix a sequenc^ (v9„2,n3)n3eN C £a{H) such 
that 9?n2,n3 — ^ V'n2 ^s — ^ OO. Set now, for any ni,n2,n3,n4 G N 



— Vi?^(^„2„3(x). (25) 



* fc=l 



Since for any ip> G Cb^i{H), x & H the function ^ R, t 1— Rtip{x) is 
continuous, a straightforward computation shows that the sequence {ipni,...,^) 
fulfils (|22l) . Similarly, we find that for any x E H ii holds 

lim lim lim lim \Tl[BB*D'^'Pn^^n2,n3,ni{^)\ + {x,A*Dipn^^n2,ni,nA^)) 
jii-^oo n2— +00 n3— >oo n4— >oo Z 

= lim lim hm lim L(pn^^n2,n3,ni{x) 

ni— >oo n2— >oo n3— >oo 714— »oo 

1 



/ "1 

: lim lim lim ni / LRt(pn2.n3ix)dt 

rii— >oo ?12— >oo n3— »oo Jq 

: lim lim lim ni (Rj_(pn2,n.Ax) - (pn2,n3ix] 

ni— >oo n2— >oo n3— »oo \ "1 

: lim ( Rj_(p{x) — (p{x)) = L(p{x). 

rii— ►oo V "1 / 



^we assume that the sequence has only one index 
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Here we have used the continuity of t LRtipn^^n.^{x) and the fact that 
LRtipn^ n-i{.x) = {d/dt)Rtipn2,n3{x) (cf Proposition fITIl and Proposition I2.4p . 
The fact that any hmit above is equibounded in Cb,i{H) with respect to 
the corresponding index follows by the construction of fni,n2,n3,n4{x). Hence, 
(I23D follows. 

If G D{L)riCl{H), by Proposition l4.2t there exists a sequenc^ (v^n)neN C 
£a{,H) such that as n ^ oo and {DLpn, h) {Dip, h) as n —>■ oo, for 

any h E H. Since for any t > 0, n G N we have 

{DRty:,^ {x),h) = [ {D^^ (e*^x + y),h)NQXdy), xeH 

JH 

it follows {DRfi^n, h) {DRfip, h) as n ^ oo, for any h E H. Then, the 
claim follows by arguing as above. □ 

By Theorem 14.11 and Proposition 14.31 we have 

Corollary 4.4. {K,D{K)) is an extension of Kq and for any if E £a{H) we 
have if E D{K) and Kif = K^ip. 



4.2 Approximation of F with smooth functions 

It is convenient to introduce an auxiliary Ornstein-Uhlenbeck semigroup 

Utv{x) = / ^{e'^x + y)Ni s-^e-^s _^){dy) , ^ E Cb{H) 

JH 

where S : D{S) G H —>■ H is a. self-adjoint negative definite operator such 
that is of trace class. We notice that Ut is strong Feller, and for any t > 0, 
ip E Cb{H), Ut(p is infinite times differentiable with bounded differentials (see 
[6]). We introduce a regularization of F by setting 

(Fnix), h) = I^{f (e^^x + , e^^/i) N, s-iie?^s_,^{dy), nEK 

It is easy to check that F„ is infinite times differentiable, with first differential 
bounded by k, for any n E N. Moreover, — F{x) as n ^ oo for all 

X E H and \Fn{x)\ < \F{x)\, for all n G N, a; G H. 
Let P" be the transition semigroup 

P,Xx) = E[v;(X"(t,x))], ^ E CbAH) (26) 
■^we assume that the sequence has only one index 
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where X"-{t,x) is the solution of ([T]) with F„ replacing F. It is easy to check 
lim EnX"(t,a;) -X(t,x)pl =0, t>0,xeH 

n— >oo 

and 



E[|X"(t,a;)|J < E[\X{t,x)\\, t>0,xeH, 
where cq > 0, cuq G M are as in Proposition I2.2[ This implies 

n^oo i + I ■ I i + I ■ I 

for any t > 0, ip E Cb,i{H). We denote by {K^, D{Kn)) the infinitesimal 
generator of the semigroup P" in Cfy^i{H), defined as in with Kn replacing 
K and P" replacing Pj. We recall that all the statements of Proposition 12.21 
Theorem 13.11 hold also for P" and {Kn, D{Kn))- We also recall that the 
resolvent of {K,D{K)) in Cb,i{H) is defined for any X > uq hj the formula 
R{X,K)f{x) = e-^'Ptf(x)dt, f E Cb,iiH), x E H (d Theorem EH). 
Similarly, for a fixed n eN the resolvent of (i^„, D{Kn)) in Cb^i{H) at A > 
is defined by the same formula with P/^ replacing P^. Since (1271) holds, it is 
straightforward to see that 

. P(V^^ ^28) 
n^oo 1 + I ■ I 1 + I ■ I 

for any ip E Cb,i{H), X> Uq. 

The following proposition follows by Corollary 4.9 of [9] and by the fact 
that ||DP„|| < K, for any n G N. 

Proposition 4.5. For any n G N, /e^ {Kn, D{Kn)) be the infinitesimal gener- 
ator of the semigroup ( l26l) . Then for any X > max{0, u + Mk,} , the resolvent 
R{X,Kn) of Kn at X maps Cl into Cl{H) and it holds 

\\DR{X,Kn)f\WH,H) < f^Cl{H). (29) 

Corollary 14.41 shows that K is an extension of Kq and that K^p = Kqi^, 
Wip E £a{H). So, in view of the fact that KPtip = PtK^ip for any ip E £a{.H) 
(cf (i) of Proposition 12. 4p . it is not difficult to check that {P*ii}t>Q fulfils ([7|), 
ffTUj) . Now, let G Mi{H) and assume that {^it]t>Q C Mi{H) fulfils (HD, 



( ITOl) . In view of Theorem 13. 3[ to prove that /i* = P(*/i, for any t > 0, it is 
sufficient to show that {/if}t>o is also a solution of ([H]). In order to do this, 
we need an approximation result. 
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Lemma 4.6. The set Sa{H) is a vr-core for {K,D{K)), and for any ip G 
D[K) there exist m G N and an m-indexed sequence (9?ni,...,n^) C £a{H) 
such that 

lim ... lim '^"^-•'"7 =^^, (30) 

ni^oo rim— >oo 1 + | . | 1 + | . | 

lim ... lim (31) 

ni-+oo rim^oo 1 + | . | 1 + | . 

Proof Step 1. Let0 G -D(-ft'), A > max{0,cJo,^^ + Mk} and set / = 
\ip — Kip. We fix a sequence (/m) C Cl{H) such that 

lim ^"^ - ^ 



n.i-»oo 1 + I ■ I 1 + I ■ I 

Set = R{^, K)fn^. By Proposition 12.41 it follows 

lim ^ ^ lim ^ ^ (32) 

ni^oo 1 + I . I 1 + I . I ni^oo 1 + | . | 1 + | . | 

Step 2. Now set Pni,n2 = -R(A, i^n2)/ni, wheie is the infinitesimal 
generator of the semigroup P/^^ introduced in fpUl) . Since G Cl{H), by 
Proposition 14.51 we have V5„i,„2 ^ ^bi^) 

II n II ^ M\\Dfn^\\cf,(H;H) 

sup ||/^C,.„.Jc.(H;H) < ' 

for any ni G N. Moreover, by ( l28l) it holds 

lim = V^ni, hm = -^V^ni, (34) 

n2^oo n2— >oo 

for any Ui G N. Since Pni,n2 ^ D^Kn^) H Cl{H), by Theorem 14.11 we have 

Kn2Pn\,n2 Lpfii,n2 ~l~ {Dpni,n2^ -^112) ■ 

Step 3. By Proposition SSI for any ni,n2 there exists a sequence (v5ni,n2,n3) C 
£a{H) (we still assume that it has only one index) such that 

1- 1" 1- Lpn-i,n2,n3 tt Lpni,n2 /nr\ 

hm V5„i,n2,n3 = V5ni,n2, hm ,1 I = -1,11 (35) 

ns^co ns^oo i + | . | i + | ■ | 

and 

lim {Dpni,n2,ns,h) = {Dprn,n2,h). 



*the assumpion A > tjQ is necessary to define the resolvent of K (of Proposition 
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for any h G H. Notice that the since F^^ is globally Lipschitz, it follows 

1 + I ■ I 1 + I ■ I 

This, togheter with implies that the sequence {Vni,n2,nz) fulfils 



lim V5„i,n2,n3 = V5ni,n2, Hm . , , , 1 , I I " 

ns^oo 713^00 i + I ■ I i + I ■ I 

Since K is an extension of Kq (cf Corollary 14. 4p . we have 

-I^'^ni,n2,n3 = KQipni,n2,n3 = -^712 '/^ni, 712,723 + {-D'^ni,n2,n3y F -^712) 

for any ni, 712, ns G N. So we find 

lim '^'^'^"l'"'2'"'3 -^n2V-'ni,n2 "I" {D(pni,n2^ -^"2) (36) 
n3-»oo 1 + I ■ I 1 + I ■ I 

for any ni,n2 G N. Moreover, by fl33p . we see that 

Fn2 (•^) I 

1 + |a;| ~ X-{uj + Mk) 1 + \x\ 

and consequently 

n2^oo 1 + I ■ I 

This, togheter with (l34l) implies 

lim '^"2V-'»ii,n2 ~l~ (-^'/-'"i,n2) -^n2) Kifn^ (37) 
"2^00 1 + I ■ I 1 + I ■ I 

Finally, by taking into account (IH^ . (IHUl) : (!H7j) . the sequence (v^m, 712,713) C 
^^(i^) fulfils 

hm lim lim ^ 

ni— >oo 712— >oo 713— >oo 1 -|- ■ 1 -|- ■ 

1- V 1- KQipni,n2,n3 n Kip 

hm hm hm — 



711^00 712^00 713^00 1 -|- I ■ I 1 -|- I ■ I 

This concludes the proof. □ 
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5 Proof of Theorem 11.4 



Let (y? G D{K) and assume that (v?n)neN C Sa{H) fulfils (l30ll . (I3T1) (for 
simplicity the assume that this sequence has only one index: this does not 
change the generality of the proof). For any t > we find 



H 



ip{x)iJi{dx) 



H 



lim 

n^oo 

lim 

n— ►oo 



ipn{x)fit{dx) 



H 



iPn{x)fl{dx] 



H 



KQipn{x)fis{dx) ds 



since (/?„, G D{K) and Kifn = K^Lfn-, for any n G N (cf Corollary 14.41) . Now 
observe that since sup^gj^ \KQipn{x)\ < c(l + |x|) for some c > and since 
/is G Mi{H) for any s > 0, it holds 

lim / KQLpn{x)^s{dx) = I K(p{x)ns{dx) 



and 



sup 

neN 



Koipn{x)^s{dx) 



H 



<c (1 + \x\)\fis\{dx). 

H 



Hence, by taking into account (171) we can apply the dominated convergence 
theorem to obtain 



lim 



\Jh 



Ko(pn{x)iJ,s{dx) ds 



\Jh 



K(p{x)fisidx) ds 



So, {/if}t>o is also a solution of the measure equation for {K, D{K)). Since 
by Theorem 11.21 such a solution is unique and it is given by {Pffi}t>o, we 
have f^ip{x)P^fi{dx) = f^ip{x)fit{dx), for any ip G £a{H). By taking into 
account that the set Sa{H) is vr-dense in Cb{H) (cf. Proposition l4.2|] . we have 
J^{p{x)Pffi{dx) = Jjj ip{x)fit{dx), for any (p G Cb{H). this clearly implies 
P*^ = fit, Vt > 0. This concludes the proof. 



6 The reaction-diffusion case 

We shall consider here the stochastic heat equation perturbed by a polyno- 
mial term of odd degree d > 1 having negative leading coefficient (this will 
ensures non explosion). We shall represent this polynomial as 

where A G M and p is an increasing polynomial, that is p'{^) > for all ^ G M. 
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We set H = L\0) where O = [0, 1]", n G N, and denote by dO the 
boundary of O. We are concerned with the following stochastic differential 
equation with Dirichlet boundary conditions 

f dxit, = [A^xit, + xxit, - Pixit, 0)]dt + BdWit, 0, e e O, 
x(t,0 = o, t>o, eeao, 

(38) 

where is the Laplace operator, B G C{H) and is a cylindrical Wiener 
process in a stochastic basis {Q, JF, (jFf)t>o, P) in H. We choose of the form 

oo 
k=l 

where {ck} is a complete orthonormal system in H and a sequence of 
mutually independent standard Brownian motions on {fl,J-', {J-'t)t>o,'^)- 

Let us write problem fl38p as a stochastic differential equation in the 
Hilbert space H. For this we denote by A the realization of the Laplace 
operator with Dirichlet boundary conditions, 

Ax = A^x, X e D{A), 

(39) 

D{A) =H^{0)r}Hl{0). 

A is self-adjoint and has a complete orthonormal system of eigenfunctions, 
namely 

efc(0 = (2/7r)"/2 sin(7rA;i^i) ■ ■ ■ (sin7rA;„^„), 

where k = {ki, fc„), ki G N. For any x G if we set Xk = {x, Cfc), k G N". 
Notice that 

Aek = -7i^\k\^, k G N", \k\^ = kl + ■ ■ ■ + k^ 
Therefore, we have 

||e*^|| < e"^'*, t > 0. (40) 

Remark 6.1. We can also consider the realization of the Laplace operators 
with Neumann boundary conditions 




X G H\0) : ^ = on do] 
or] J 



where 1] represents the outward normal to dO. Then 

Nh = -7T^\k\^fk, ke{Nn{0}r, 

where 

MO = (2/7r)"/2 cos(7rA;i6) ■ • • (cosTrfc^^), 
k = {ki, kn), A;^ G N U {0} and = kf ^ h A;^. 

Concerning the operator B we shall assume, for the sake of simplicity 
that B = (-v4)-i'/2, where 

7 > - - 1. (41) 

Now, setting X(t) = X{t, ■) and W(t) = W(t, ■), we shall write problem 

as 

dX{t) = [AX{t) + F{X{t))]dt + {-A)~^'/^dW{t), 

(42) 

X(0) = X. 
where F is the mapping 

F : D{F) = L^\0) CH^H, x(0 ^ - p(x(0). 

It is well known that for any x G L'^'^{0) problem ( H2l) has a unique mild 
solution {X(t,x))t>o,x(^H (see, for instance, [5], [6]), fulfilling 

X{t,x) = e''^x+ f e^'-'^^BdW{s)+ f e^'~'^^F{X{s,x))ds (43) 
Jo Jo 

for any t > 0. Finally, it is well known that for any T > there exists c > 
such that 



sup E 

ie[o,T] 



|X(t,x)|^.,(^) <c(l + |x|i.,(^)j. (44) 



|X(t,x)-X(t,|/)| <e(^-'^')*|x-i/|, (45) 
see [01 Theorem 4.8]. 

6.1 Main results 

We consider here the Kolmogorov operator 

Ko^{x) = ^Tt[BB*D^^{x)] + {x,A*D^{x)) + {D<^{x), F{x)) , x G L^'^{0). 

(46) 



^ All following results remain true taking B = G{—A) '^^^ with G G '^■{H). 
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We are interested in extending the results of Theorems 11.21 11.31 11.41 to this 
operator. This will be done in Theorems 16.21 16.31 16.41 respectively. 

Denote by Cb^iL^'^iO)) the space of all functions if : L^'^iO) M such 
that the function 



L2d(o) 



is uniformly continuous and bounded. The space Cfy^d{L'^'^{0)), endowed with 
the norm 

II II 

II^IICt,,d(L2d(0)) = sup 

a;e-L2d(C)) 1 -t- Kl2,2d(0) 



is a Banach space. Thanks to estimates (H^ and (H5ll we can define a semi- 
group of transitional operators in Cb,d{L'^'^{0)), by the formula 

P^x) = E[y.(X(t,x))], t > 0, G CUL^\0)), x E L''\0), (47) 

see Proposition 16.51 We define its infinitesimal generator by setting 



D{K) = G CUL'\0)) : 3g G CbA^L'^O)), lim 



c/(x), X G L^'^(O), sup 
te{o,i) 



t-»0+ t 

< oo 



ir¥,(x)= hm ^ED{K),xEL^\0). 

(48) 

Let 7Vl(i(L^'*((9)) be the space of all Borel finite measures on L'^'^{0) such 
that 

/ klL2d(o)|/i|(c?x) < OO. 

JL2d(C>) 

Since L'^'^{0) C i/, we have Md{L^'^{0)) C A^(i/). The following theorem 
generalize Theorem 11.21 to the reaction-diffusion case. 

Theorem 6.2. Let {Pt)t>o be the semigroup defined by (1471) Cf,^2iH), and 
let {K, D{K)) be its infinitesimal generator in Cf,^d{L'^'^{0)), defined by (HHj) . 
Then, the formula 

defines a semigroup {P^)t>o of linear and continuous operators on {Cb.d{L'^'^{0)))* 
that maps Md{L'^'^{0)) into Md{L'^'^{0)). Moreover, for any G Md{L'^'^{0)) 
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there exists a unique family of measures {yUt}t>o C Aici{L'^'^{0)) such that 
(^j \x\i2,^a)\f^t\idx)^ dt < oo, VT>0 (49) 

and 

/ ip{x)^t{dx) — / (p{x)fi{dx) = / I / Kip{x)^sidx) j ds, (50) 
Jh Jh Jo \Jh J 

t>0,(pe D{K). Finally, the solution of (HH]), dSO]) is given by {P^fi}t>o- 

It worth to note that Cb{H) C Cb,i{H) C Cb,d{L'^'^{0)), with continuous 
embedding. This argument will be used in what follows. Note, also, that for 
any ip G Cb^^L'^'^iO)) there exists a sequence {(pn)nm C Cb{H) such that 

lim ^ ^ 



In the above formula we have to understand (1 + \x\'j^2d(^Q-^)^^f{x) = if 
X & H \ LF''^{0). This allow us to use the vr-convergence also for functions 
belonging to the space CbA^L'^^iO)). We denote by £a{H) the hnear span of 
the real and imaginary parts of the function^ 

if^C, x^e'^''''^\ heD{A). 

The main result of this section is the following 

Theorem 6.3. The infinitesimal operator {K, D{K)) defined in fl48p is an 

extension of Kq, and for any (f G £a{H) we have (p G D{K) and Kip = K^ip. 
Moreover, the set £a{H) is a n-core for {K, D{K)), that is for any ip G D{K) 
there exist m G N and an m-indexed sequence {'Pni,...,nm)nim,...,n^en C £a{,H) 
such that 

lim ... hm ^7'-"'" ^ (51) 

ni^oo „„-.oo 1 + I . 1^,,^^^ 1 + I . 1^,,^^^ 



and 



Ko!pnu...,nm ^ Kip 
1 -I- I ■ K 1 -I- I ■ l'^ 

Thanks to Theorem 16.31 we are able to prove the following 



lim ■ ■ ■ lim = ^ . (52) 



^Here A is self- adjoint, hence we take h E D{A) (cf section 1). 
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Theorem 6.4. For any fi G A^d(L^^((9)) there exists an unique family of 
measures {nt}t>o C Aid{L'^'^{0)) fulfilling f HUj) and the measure equation 

(f{x)iJLt{dx) — / (p{x)^{dx) = / I / KQ(p[x)^s{dx) J ds, (53) 

t >0, ip & £a{H). Finally, the solution of (HUj) . is given by {Plji\t>o- 

In the next section we study the transition semigroup ( 1471) and its in- 
finitesimal generator (148!) in the space Cft_(i(-^^^'^(C'))- In section [6731 we shaU 
introduce an approximation of problem (1421) that will be often used in what 
follows. Finally, in sections 16.41 16.51 16.61 we prove Theorems 16. 2[ 16.31 16.41 
respectively. 

6.2 The transition semigroup in Cb^d{L'^^{0)) 

The following two propositions may be proved in much the same way as 
Proposition 12.21 and Proposition 12.41 

Proposition 6.5. Formula (H71) semigroup of operators {Pt)t>o inCb^diL'^'^iO)), 
and there exists a family of probability measures {iitix, ■), t > 0, x E L'^'^{0)} C 
A4d{L'^'^{0)) and two constants Co,ujq > 0, such that 

(i) Pt e C{C,,d{L''\0))) and \\Pt\\cic,AL'.m) < Coe"°*; 

Ptv{x) = / ip{y)'Kt{x,dy), for any t > 0, ip e Cb,d{L^'^{0)), x G 

JH 

(Hi) for any G Cb^iL'^'^iO)) , x e H, the function IR+ ^ M, t i-^ Pt'^{x) is 
continuous. 

(iv) PtPs = Pt+s, for any t,s > and Pq = I; 

(v) for any ip G Cb,d{L'^'^{0)) and any sequence {(pn)neN C Cb,d{L'^'^{0)) 
such that 

hm j — -j = j — -1 

— 1 + I ■ \U^o) 1 + I ■ 

we have, for any t > 0, 

Pt<^n TV PtV 



lim , — , 
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Proposition 6.6. Under the hypothesis of Proposition l67S[ let {K, D{K)) be 
the infinitesimal generator fjlHj) . Then 

(i) for any ip G D{K), we have Ptf G D{K)) and KPt^p = PtKip, t > 0; 

(a) for any (f G D{K), x G L^'^(O), the map [0, oo) ^ M, t t-^ Pt^ix) is 
continuously differentiate and {d/dt)Pt<f{x) = PtKif{x); 

(Hi) given cctuo > as in Proposition ^.^ for any uj > ujq the linear oper- 
ator R{uj,K) on Cf,,d{L'^'^{0)) done by 

POO 

R{uj, K)f{x) = / e-^'Ptf{x)dt, f G CtAL^'^iO)), x G L^'^iO) 
Jo 

satisfies, for any f G Cb,i{H) 
R{u,K) G CiCAL'^O))), \\R{u,K)\\cic,,iL^'^m) < 

UJ — UJq 

Riu, K)f G D{K), {ul - K)R{u;, K)f = f. 
We call R{u, K) the resolvent of K at oj. 

6.3 Some auxiliary results 

It is convenient to consider tlie Ornstein-Ulilenbeck process 
dZ{t) = AZ{t)dt + {-A)~^'/'^dW{t), 

Z{0) =x, 

and tlie corresponding transition semigroup in Cb^H) 

RMx) = E[^{Z{t,x))], if G a,i{H). (54) 
Notice that thanks to ( 140|) . ( l4Ti) the operator 

Qtx= [ e'^BB*e'^*xds= [ {-A)-^e^'^xdt 
Jo Jo 

= i(-A)-(i+^)(l-e2*^)a;, t>0,xeH, 

is of trace class. This implies that the Ornstein-Uhlenbeck process Z{t, x) has 
gaussian law of mean e^^x and covariance operator Qt, and the representation 
formula 

RMx)= I ^{e'^x + y)XQXdy) 

J H 
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holds for any t > 0, G Cb^i{H), x E H. Notice that we can take 7 = 
and B = I (white noise) only for n = 1. As in section I^TTl we denote by 
{L,D{L)) the infinitesimal generator of the Ornstein-Uhlenbeck semigroup 
{Rt)t>o in the space Cb,i{H). 

A basic tool we use to prove our results is provided by the following 
approximating problem 

= (v4X"(t) (-A)-T/2dty(t), 

(55) 

X"(o) = x eH, 

where for any n E N, Fn is defined by 

F„(x)(0 = Ax(0-Pn(x(0), 

and Pn is defined by 

Pn{r]) = ^^^^^ r]eR. 
Notice that pn is bounded and differentiable, with bounded derivative 



^n^+p^{r]) V n^+P^iv) 

for any n E N, r] E R. Clearly, |pn(^)| < b(^)l) V ^ ^ ^-nd Pn{v) ^ P{v) 
n CO, for any r/ G M. -F„ is Lipschitz continuous, and for any n E N, x E H 
problem fl3^ has a unique mild solution {X"'{t, x))t>o (cf section 1). Since by 
the above discussion we have |-Fn(a;)| < |-P'(a^)|, x E H and |-F„(x)| \F{x)\ 
as n — > oo, for any x G it is not difficult but tedious to show that for any 
X E L'^^{0) it holds 

lim sup E [|X"(t,x) -X(t,x)|21 = (56) 



and 



E 



X''{t,x)\l,a^^^ <E |X(t,x)|^..(^) , riGN. (57) 



Proposition 6.7. For any ri G N, let {P^)t>Q he the transitional semigroup 
associated to the mild solution of problem (1551) in the space Ch,d{L'^'^{0)) , 
defined as in ( H71) with X'^{t,x) replacing X{t,x). Then 

(i) (P")t>o satisfies statements (i)-(v) of Proposition lEIM and for cq^uq 
as in Proposition \6.5\ we have \\PJ^\\c{Ct d(L'^''{o))) ^ cqc'^"*; 
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(ii) (P")t>o is a semigroup of operators in the space Cf,^i{H), and it sat- 
isfies statements (i)-(v) of Proposition IKR In particular, there exists 
Cn,uJn > such that ||^TIU(C6,i(H)) < Cnc"^"*, for any t>0. 

Proof, (i) follows by (1371) . (ii) follows since equation (13^ satisfies Hypothesis 
O □ 



By (ii) of Proposition 16. 7[ we can define, for any n G N, the infinitesimal 
generator {Kn, D{Kn)) of the semigroup (P")t>o in the space Chi{H) (cf 

By Theorem 14.11 and Proposition 16.71 it follows 

Proposition 6.8. For any n e N we have D{L)nCl{H) = D{Kn)nCl{H), 
and for any ^9 G D{L) fl Cl{H) we have Knip = Lip + {Dip, 

The semigroup (P")(>o enjoyes the following property, which will be es- 
sential in the proof of Theorem | 



Proposition 6.9. For any G N, the semigroup (P")(>o maps Cl{H) into 
Cl{H), and for any ip G Cl{H) it holds 

\DPtip{x)\ < e2(^~"')*sup \Dip{x)\ 

Proof. Since the nonlinearity P„ is different iable with uniformly continuous 
and bounded differential, it is well known (see, for instance, [7j) that the 
mild solution X^{t, x) of problem (1331) is different iable with respect to x and 
for any x,h E H we have DX'^{t, x) ■ h = Vj^i^i where ?7^(t, x) is the mild 
solution of the differential equation with random coefficients 

|r^::(t, x) = Art{t, X) + Z^P„(X"(t, x)) ■ r^it, x) t>0 
r7^(t,x)=0. 

By multiplying by ?7^(t,x) and by integrating over O we find 
~Mt,x)\' = {{A+X)r^'^{t,x),v';,{t,x)) 

By taking into account that > and by integrating by parts we find 



x)p. 
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Now, the classical Poincare inequality implies \D^rill{t,x)\ > 7r^|77^(t, x)| and 
we obtain 

ljt\Vnit,x)\' < (A - n'UXt,x)\^ xeH,t>Q. 
Consequently, by the Gronwall lemma we find 

\v\t,x)\<e^^^~^">'\h\. (58) 
Now take ip G Cl{H). For any x,h & H we have 

DPJ'^^x) ■ /i = E [D(^(X"(t, x)) ■ r]\t, x) 

Hence by (EHl) 



;2(A-7r2)t| 

which implies the result. □ 



\DPI'^{x) • /i| < E [\D^{X'\t,x))\\7]\t,x)\] < sup |D</?(x)|e2(^-"')*|/i|, 



6.4 Proof of Theorem 16.2 



We have first to show that {P^)t>Q is a semigroup of linear and continuous 
operators in {Cb,diL'^'^iO))y and'that P> G MdiL^'^iO)) for any t > 0, 
G Aid{L'^'^{0)). These facts follow by Proposition 16.51 and by the argument 
of Lemma 13.21 We left the details to the reader. 

We now show existence of a solution for the measure equation, namely 
we show that {Ptl^}t>o fulfils dSSD, (HH]). To show that {Pt*l^}t>o fulfils (ESD 
it can be used the argument in Lemma We left the details to the reader. 
We now check that ( H9l) holds. Fix T > 0. By the local boundedness of 
the operators P^fi and by the semigroup property it follows that there exists 
c > such that 

sup \\P:\\c{{c,,,(l^^{ow) < c. 
ie[o,T] 

Still by the first part of the theorem, since G Aid{L'^'^{0)) we have P*fi G 
MdiL^'^iO)). Hence 

^ (^jjx\%,^^^\P:fx\idx)^dt = (^j^^^^\x\'i,a^^)\P:fi\idx)^dt 



< 



T pT 

^0 
C^II/^ll(Ci,d(L2d(0)))* =cT (1 + |x|^2d(0))|/x|(rfx) < oo. 
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Then, fHUj) is proved. 

We now prove uniqueness of the solution. By ([3]) follows that the mild 
solution X{t, x) of problem ( H3|) can be extended to a process {X(t, x))t>o,xeH 
with values in H and adapted to the filtration {J^t)t>o- In the literature, 
the process X{t,x) is called a generalized solution of equation ( H3l) (see [6]). 
Hence, we can extend the transition semigroup fHTj) to a semigroup in Ch{H), 
still denoted by (-Pt)f>o, by setting 

Ptip{x) = E [¥?(X(t, x))] t>0, X E H, if e Cb{H). 

Clearly, ||-Pt||£(Ci,(//)) < 1. In addiction, the representation 

PtV{x) = / (p{y)n[{x,dy) 

J H 

holds for any Lp G Cb{H), where 7t^{x,-) is the probability measure on H 
defined by 7r't{x,T) = F{X{t,x) G T), T e It is clear that 7r't{x,T) = 

nt{x,r) when F G B{L^'^{0)). We define the infinitesimal generator : 
D{K,Cb{H)) — > Cb{H) of the semigroup (Pt)t>o in the space Cb{H) as in 
(fT3|) . By arguing as in Lemma 13. 3^ the semigroup {Pt)t>o in Cb{H) is a 
stochastically continuous Markov semigroup, in the sense of So, we can 
apply Theorem 13.11 and then for any fi E Ai (H) there exists a unique family 
of measures {fit}t>o C A4{H) such that 

[ \fit\{H)dt < oo, VT>0 (59) 
Jo 

and dSni) hold for any t > 0, G /^(JsT, Cfe(/f)). 

Now take fi = 0, and assume that {/it}t>o C Md{L'^'^{0)) fulfils ( l53l) . 
(H9l) . Since {iit}t>o C J^{H), we want to show that {/it}f>o fulfils also ( l59l) 
and fl50l) for any t > 0, G D{K,Cf,{H)). Taking in mind that for this 
equation the solution is unique, this will imply fit = ^ (as measure in H and 
consequently as measure in L'^'^{0)) for any t > 0. 

Clearly, ( l59i) follows by ( l53l) . It is also possible to prove, by a standard 
argument, that D{K,Cb{H)) C D{K) and D{K,Cb{H)) = {y? G D(K) : 
iTc^ G Cb{H)}. Then, for any G D{K,Cb{H)), we have G D(K) and 
hence f l50l) holds for any (p G D{K,Cb{H)). This concludes the proof. □ 

6.5 Proof of Theorem 16.3 

The proof is splitted into two lemmata. 
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Lemma 6.10. Let (K, D(K)) be the infinitesimal generator fHHl) . We have 
D{L) n Cl{H) C D{K) n Cl{H) and Kip{x) = Lip{x) + {Dip{x), F{x)) for 
any ip G D{L) fl Cl{H), x G Moreover, {K,D{K)) is an extension 

of Kq, and for any (f G £a{H) we have ip G D{K) and Kip = K^p. 

Proof. Take ^ G Sa{H). We recall that 8a{H) C Cl{H) n D{L), where 
{L,D{L)) was introduced in section [631 We also stress that since L'^'^iO) C 
H, then L>(L) C Cb^i{H) C Cb,d(L2'^(0)) with continuous embedding. This 
allow us to proceed as in Theorem 14.11 to find 

Rtipix) - (p{x) = Ptipix) - (p{x) 



-E 



^ (^D^{^Z{t,x) + [1 - OX{t,x)), e'^'-'^^F{X{s,x))dsjd^ 



for any x G L'^'^iO). Hence, by taking into account that ip G D{L), it follows 
easily that for any x G L'^'^{0) 



lim 



Ptpjx) - p{x) 

t 



Lp{x) + {Dip{x),F{x)). 



Since there exists c > such that < c\x 

Ptp - ip 



L2d(C>)) 



X G U'^{0), it follows 



sup 

te(o,i] 



< sup 

tG(0,l) 



C5,d(L2d(0)) 

+ sup \\Dp{x)\\c(H) sup 



0,1 



eL2d(c)) 1 + |x 



L2d(C)) 



< OO, 



that implies p G D{K). This proves the first statement. The fact that 
(K, D{K)) is an extension of -ft^o follows by Proposition 14. 3[ □ 



Lemma 6.11. The set £a{H) is a 7c-core for {K, D{K)) , and for any p G 
D{K) there exists m G N and an m-indexed sequence {pni,...,nm) C £a{H) 
such that 



lim ■ ■ ■ lim 

Jli^OO Wm— *00 1 -)- 



Il2<*(c)) 



lim • 



lim 



I ■ lL2<i(Ci) 



1 + 



lL2d(C') 



1 + 



(60) 
(61) 



lL2d(0) 



Proof. Take G D{K). We shall construct the claimed sequence in four 
steps. 
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Step 1. Fix uj > ci;o)2(A — vr^) and set / = uap — Kip. Then we have 
if = R{lj, K)f. We approximate / as follows: for any ni G N we set 

ni + |e"i 

By the well known properties of the heat semigroup, we have e^^x G L^°'((9), 
for any x E H. Hence, fn^ G Cb{H) and 

lim ^"^ - ^ 



By Proposition 16.51 we have 



lim 

ni^oo 1 + . hl,,^^^. 1 + 



Id 



for any t > 0. Since we have \\Pt\\c{Ci, d{L'^'^{o))) ^ coe'^°*, Vt > (cf (i) of 
Proposition 16. 5p and u > uq, it follows 



nV^oo 1 + I . 1^,,^^^ 1 + I . 1^,,^^^ ■ 

Setting = RioJ, K)fn^, by the above argument we have 

Vni -n ip .. TT Kp 

hm ; — —, = : — -3 , hm 



(62) 

Step 2. For any rii G N, let us fix a sequence (/ni,n2)n2eN C Cl{H) such 
that 

lim fni,n2 /"fii • 

712— ♦OO 

Now set 'P>ni,n2 = RiyJ, K)fn^ n2- By arguiug as in step 1 we have 

lim ipn^^n2=^ni, Kipn^^n2= Kpn^. (63) 

n2— >oo n2— »C!0 

Step 3. We now consider the approximation of K. We denote by (-R'ns, D{Kn.^)) 
the infinitesimal generator of the transition semigroup associated to the mild 
solution of problem ( !55l) in the space Cb,i{H). For any ni,n2,n3 G N set 

/■oo 

Yni,n2,ni / ^ ^ t J n\,n2'^'^- 

Jo 
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Note that in the right-hand side we have not the resolvent operator of in 
Cb,i{H) (cf Proposition 12 . 4[ [UTTl) . For any rii, 77-2, 77.3 G N the function (Pni,n2,n3 
is bounded, since 



-ujt pnz r 1. 
^ t J ni ,n2 



< 



e-'^'dt < 00. 



The fact that '^ni,n2,ns ^ Cb{H) follows by standard computations. By (v) of 
Proposition 12.21 and by (i) of Proposition 16.71 it follows 



lim 

na^oo 1 -|- 



\d 

lL2d{C)) 



1 + 



\d 

lL2d(C)) 



(64) 



It is also stardard to show that ^ni,n2,n-i £ D{Kn.^) and Kn3Lpni,n2,n:i 
^^nx,n2,n3 " /m.na- Heucc, by (ED wc obtalu 



lim 

na^oo 1 -|- 



\d 

lL2d(CI) 



Id 



(65) 



By Proposition [6^9] it follows that fni,n2,n3 e Cl{H) and 



POO 

/ e-^'DPrfn,,n2{x)dt 
Jo 

POO 

< / e-(--2^+^-^)*citsup|D/„, 



Hence (pni,n2,n3 £ D^Kna) n Cl{H), and by Proposition 16.81 it follows that 
,n2,n:j — -^V^ni,n2,"3 ~^ (-^V^ni ,n2,ra3 ) Pns) ■ Heucc, by Lemma |6ilOJ we have, 
for any x E L'^'^{0) 

(x)). (67) 

We recall that |-Fn3(a;)| < |-^(a;)| < c|x|^2d(c,), for any ^3 G N, x G L'^'^{0) 
and for some c > 0. In addiction, \Fn^{x) — -F(x)| ^ as 7^3 — > 00, for any 
X G L'^'^{0). Consequently, by ( !66ll it follows 



n3— >oo 



1 + 



(68) 



Step 4. By Propositon 14.31 for any ni,n2^n^ G N there exists a sequenc^ 

{^ni,n2,n3,n4) C £^a(^) SUch that 



r — 

n4— >oo 



(69) 



^we assume that it has one index 
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"4^00 1 + I ■ I 1 + I ■ I 

and for any h E H 

lim [Dipni,n2,ns,nAi 

h) = {Dipn^^n2,n-i, h) . 

This, together with the above approximation, imphes that for any ni,n2,ns G 
N we have 

{D'^ni,n2,n3,n4, F — -F^s) tt_ {DiPni,n2,n3, F — -Fwa) 



step 5. By ([Ml), dHD, dMD we have 

hm hm hm hm '^"^'"^'"^'""^ = — , 

ni^oon2^oon3^oon4^oo 1 + | ■ |^2d(c)) 1 + I " \L^d(^o) 

and consequently ( l60il follows. We now check 



lim lim lim lim , — , 

ni^oon2^oon3^oon4^oo 1 + | ■ \^2d(^Q) 1 + I ' ^2^(0) 

This will prove flUTl) . By Lemma |6.10[ for any rii, 77-2, 714 G N we have 

-f^V5ni,n2,n3,n4 = -^oV^ni,n2,n3,n4- Morcover, by Theorem 0]we havc n2,n3,n4 e 
/^(/sTs) and by (EZD 

-^0V-'ni,'T.2,'^3,'^4 ('^) -^"3 V™i,™2,"3,«4 ('^) (-^Vni,n2,n3,n4 5 -F(''') -^ra3('^))5 

for any ni, ns, ng, n4 e N, a; G ^^'^(C). By ([671), ([TOD, ([71]) it holds 

lim '^^'^''^^'^'^'''^S'^'i ]L '^"3V-'n.i,n2,n3 ~l~ {F^'^ni,n2,n3: F Ffi^ 
n4-oo 1 + I . 1^,,^^^ 1 + I . 1^,,^^^ 



By ([65]), ([68D it holds 

-^n3V-'ni,n2,n3 ~l~ (-^ Vni ,n2,n3 ; Fnz) t Kip^-^^^i^ 



^™ I Id ~ I Id ' 



By ([HI, ([HI it holds 



hm lim = . □ 
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6.6 Proof of Theorem 16.41 



Take /i E Md{L'^'^iO)). The fact that {P;/i}t>o fulfils and ([53]) follows by 
Theorems 16.21 [6731 and by the fact that KPfif = PtK(f = PtKo(p, for any ip G 
Sa{H) (cf Proposition 16.61 and Lemma 16.101) . Hence, existence of a solution 
is proved. Now we show uniqueness. Assume that {fit}t>o C M.d{L'^'^{0)) 
fulfils (I49p and By Theorem 16.31 for any ip G D{K) there exist m G N 

and an m-indexed sequence (v5ni,...,n™)nieN,...,n™6N C Sa{H) such that (IFIll . 
(l52l) hold. This, togheter with (H9l) . implies that {/it}t>o fulfils ( I50l) for any 
t > 0, G D{K) (here we can use the same argument used to prove Theorem 
11.41) . Since the solution of fH9|) . fl50|) is unique and it is given by {P4*/i}i>o, it 
follows J^{p{x)P^fi{dx) = {p{x)fit{dx), for any ip G £a{H). Hence, since 
Sa{H) is TT-dense in Cb{H), it follows J^{p{x)P^fi{dx) = ip{x)fit{dx), for 
any y9 G Cb{H), that implies P(*/i = /if, Vt > 0. This concludes the proof. □ 
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